SOME RESULTS ON COSYMPLECTIC MANIFOLDS 



ANNA FINO AND LUIGI VEZZONI 

Abstract. We obtain a generalization of the Kodaira-Morrow stability 
theorem for cosymplectic structures. We investigate cosymplectic geom- 
etry on Lie groups and on their compact quotients by uniform discrete 
subgroups. In this way we show that a compact solvmanifold admits a 
cosymplectic structure if and only if it is a finite quotient of a torus. 



1. Introduction 

An odd-dimensional counterpart of a Kahler manifold is given by a cosym- 
plectic manifold, which is locally a product of a Kahler manifold with a circle 
or a line. Indeed, a cosymplectic structure on a (2n + l)-dimensional man- 
ifold M is a normal almost contact metric structure (J, £, a, g) on M such 
that the 1-form a and the fundamental 2-form uj are closed (see [H |6] ) . 

In the context of CR geometry, cosymplectic structures can be also viewed 
as a special class of Levi-flat CR-structures since the foliation ker a, endowed 
with the complex structure J, defines a complex subbundle J-^ of the com- 
plexified tangent bundle TM ® C satisfying J-~ c n J rC = and such that 
the spaces of sections r(J" c ) and r(J rC © J" c ) are both closed under the Lie 
brackets (for more details on CR structures see for instance |15j). 

Trivial examples of cosymplectic manifolds are given by a product of a 
2n-dimensional Kahler manifold with a 1-dimensional manifold and by prod- 
ucts of the (2m + l)-dimensional real torus T 2m+1 with the r-dimensional 
complex projective space CP r , where m,r > and m + r = n. Not many 
examples of non-trivial cosymplectic manifolds are known. In [6] an ex- 
ample of 3-dimensional compact cosymplectic manifold not topologically 
equivalent to a global product of a compact Kahler manifold with the circle 
was given. Moreover, in [23] Marrero and Padron found some examples of 
(2n + l)-dimensional compact cosymplectic manifolds which are not topo- 
logically equivalent to the standard example T 2m+1 x CP r . These manifolds 
are constructed as suspensions with fibre a compact Kahler manifold of 
representations defined by Hermitian isometries and they are compact solv- 
manifolds, i.e. compact quotients of a simply-connected solvable Lie group 
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by a uniform discrete subgroup. We will show that in fact such solvmanifolds 
are finite quotients of tori. 

The presence of so few cosymplectic compact examples is in part due 
to many topological restrictions. Indeed, in [5j EJ [JBJ El E2] some topolog- 
ical properties of compact normal contact metric manifolds and compact 
cosymplectic manifolds are shown. For instance, if (M, J,£,a,g) is a com- 
pact (2n + l)-dimensional cosymplectic manifold, then the Betti numbers 
bi(M) satisfy the conditions: 

(1) bi{M) are non-zero for all < i < 2n + 1; 

(2) bo(M) < h(M) < •• • < b n (M) = b n+1 (M); 

(3) b n+l {M) > b n+2 (M) > ■ ■ ■> b 2n +i(M). 

Moreover, like for the Kahler compact cosymplectic manifold M is 

formal in the sense of Sullivan |29| . 

In order to find new cosymplectic structures we will study small defor- 
mations of cosymplectic structures and determine which types of Lie groups 
are cosymplectic. 

More precisely, in the first part of the paper we will examine how a cosym- 
plectic structure (J, £,a,g) on a compact (2n + l)-dimensional manifold 
changes under small deformations of the complex structure J on kera. To 
this aim we will interpret a cosymplectic structure in terms of smooth foli- 
ations on the manifold. Indeed, if (M, J,£,a,g) is a cosymplectic manifold, 
then the pair (ker a, to) defines a Kahler- Riemann foliation on M. Therefore 
it is possible to apply the results obtained in [JJ [13] about Kahler- Riemann 
foliations, that we will review in Section 2 and 3. By using similar methods 
to the ones introduced by Kodaira and Morrow for the stability theorem of 
Kahler manifolds (see Theorem 4.6 of [21]), in Section 5 we will obtain the 
following 

Theorem 1.1. Let (M, J,£,a, g) be a compact cosymplectic manifold and 
let Jt be a family of endomorphisms of TM depending differentiably on t 
and satisfying 

3} = -Id + a <g> f , J = J , N Jt = , 

where Nj t denotes the Nijenhuis tensor of Jt- Then there exists, for \ t\ small, 
a Riemannian metric gt on M such that go = g and (J^,^,a, gt) defines a 
cosymplectic structure on M . 

In the last two sections we will study left-invariant cosymplectic structures 
on Lie groups and on their compact quotients by uniform discrete subgroups. 
Summing up all the results we will get the following 

Theorem 1.2. There exists a one-to-one correspondence between cosym- 
plectic and Kahler Lie algebras. 

A cosymplectic unimodular Lie group is necessarily flat and solvable. More- 
over, if a solvmanifold admits a cosymplectic structure, then it is a finite 
quotient of a torus. 
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Although the first part of this theorem comes from a result of Dacko 
(see [8] ) , for sake of completeness we prove it in section 6 (see the proof of 
Theorem 6.1). More precisely, from [8], we have that if a 2n-dimensional 
Kahler Lie algebra has a particular type of derivation, then one can con- 
struct a cosymplectic Lie algebra of dimension 2n + 1. Since by |14| any 
solvable Kahler Lie algebra can be obtained by using modifications and nor- 
mal J-algebras, it turns out that the previous construction can be applied 
to solvable Kahler Lie algebras. 

The fact that a cosymplectic unimodular Lie group is flat and solvable 
follows from the results in [22] and [18] about symplectic and Kahler Lie 
groups. Therefore it is natural to investigate which types of solvmanifolds 
admit a cosymplectic structure. Like in the Kahler case (see [19]) the cosym- 
plectic condition imposes strong restrictions. 

2. RlEMANNIAN FOLIATIONS 

In this section we will recall some properties about Riemannian foliations 
that we will use in the next sections (for more details see for instance [U l25j 
[261 El]). 

Definition 2.1. A smooth foliation J 7 on a compact Riemannian manifold 
(M, g) is called a Riemannian foliation if the Riemannian metric g is bundle- 
like, i.e. if the normal plane field to T is totally geodesic. 

In other words a Riemannian foliation is a foliation which is locally de- 
fined by Riemannian submersions. Such foliations have been introduced by 
Reinhart [28] and studied subsequently by Molino [25[ [26] . 

Consider now a Z-graded Riemannian vector bundle E on M and denote 
by T(E) the space of the its smooth sections. Let d: T(E) —¥ T(E) be a 
first-order leafwise elliptic differential operator and denote by 5 the formal 
adjoint of d with respect to the Riemannian metric g. Then the Laplacian 

A := (d + 8) 2 

is a self-adjoint differential operator on T(E). We recall that a leafwise dif- 
ferential operator on T(E) is a differential operator whose local expressions 
only contain derivatives along leaf directions of T and it can be restricted to 
the leaves. If in addition the restriction to the leaves is elliptic, then the leaf- 
wise differential operator is called leafwise elliptic. Moreover, a transversely 
elliptic differential operator is a differential operator whose leading symbol 
is an isomorphism at non-trivial covectors normal to the leaves, where by 
normal to the leaves we mean that the covector vanishes on vectors tangent 
to the leaves. 

In the case of transversely elliptic differential operators Alvarez Lopez and 
Kordyukov in [T] proved that if A: T(E) — > T(E) is a transversely elliptic 
first order differential operator and there exist morphisms G, H, K and L 
such that 

Ad ± dA = Gd + dH , AS ± 8 A = Kb + SL , 
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then the orthogonal projection it: T(E) — > ker A is a continuous operator 
on T(E) and 

(1) T(E) = ker A © hnd® had, 

where the bar denotes the closure in the Frechet space T(E). 
In this way one gets a natural splitting of T(E) in terms of the Laplacian A 
and by pQ it is possible to apply the previous result to the case of Riemannian 
foliations, constructing a leafwise differential complex of J- as follows. 

Let f2 be the de Rham cohomology algebra of M. Denote by TT* the 
dual bundle of the tangent bundle TJ- with respect to the duality induced 
by the metric g and by TF 1 - the bundle orthogonal to TT . One has the 
following bigrading of the algebra O 

U V 

(2) Q u ' v = r(/\TT ± * ® /\TT*Y u,v£Z. 
Since 

d(n u ' v ) c n u+1 ' v © n u > v+1 © n^ 2 '*- 1 , 

then the de Rham differential d and its codifferential 5 decompose respec- 
tively as 

d = do,i + di }0 + d 2 -i , 6 = 5 -i + 5_i,o + ^-2,1 , 

where the double subindices denote the corresponding bidegrees of the bi- 
homogeneous components. Each 5ij is the formal adjoint of d-i—j and if 
we denote by Dq = do,i + £0,-1, then Do and the Laplacian Ao = Dq are 
leafwise elliptic and symmetric differential operators. 

By applying (pQ) to (fi,do,i) Alvarez Lopez and Kordyukov showed the 
following result 

Theorem 2.2 ([lj, Theorem B). Assume that T is a Riemannian foliation 
on a compact manifold M with a bundle-like metric; then, with the notation 
stated above, the following leafwise Hodge decomposition 

(3) = ker Ao © imAo = (kerdo,i n ker #0,-1) © imrfo.i © im^o,-l 
holds. 

Note that the operator 

do,i : ^ V -> tt°' v+1 

can be canonically identified with the de Rham derivative dj on the leaves, 
or equivalently it can be defined by 

(djra)\i = d(a\ l ), 

for any a E Q 0,v and any leaf I of T. Moreover, (O, do,i) can be considered, 
up to a sign, as the leafwise de Rham complex of T with coefficients in the 
vector bundle k(TM/TT)*. 
Furthermore we denote by 

(4) S T = - *jr d T * T , A^ = (djr + 5ff , 
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where *jr denotes the Hodge star operator restricted to AT J 7 *. In particular 
by [H Corollary C] one has that, if J 7 is a Riemannian foliation on a compact 
manifold with a bundle-like metric and let V = R or C, then with respect 
to such a metric we have the leafwise Hodge decomposition 

n°' v (V) = ker Ajr imAjr = (ker djr n ker <5>) © imdjr irn^J, 

where (Q 0,V (V), dj?) is the leafwise de Rham complex with coefficients in V. 

3. Complex and Kahler-Riemannian Foliations 

In this section we will deal with special types of complex Riemannian 
foliations, called Kahler-Riemann. First of all we recall some basic facts of 
complex geometry: 

A complex manifold can be defined as a pair (M, J), where M is a 2n- 
dimensional smooth manifold and J £ End(TM) satisfies 

J 2 = -Id , [JX, JY] = J[JX, Y]+J[X, JY] + [X, Y] , for X, Y € T(TM) . 

The complex structure J induces the natural splitting TM C = T 1,0 M © 
T 0,1 M, where 

T£' M = {»£ T X M C : Ju = iv}; 

T^'°M = {d£ T x M C : Jw = -iu}. 

Moreover, if fi" denotes the vector bundle of complex differential forms on 
M, then 

where f2 1,0 and f2 0,1 are the dual vector bundles of T 0,1 M and T 0,1 M, re- 
spectively. Consequently ft v splits in 

r+s=v 

where 

= IT >° 

and 

Now we consider the case of smooth foliations. Let J 7 be a smooth 2n- 
dimensional foliation on a compact Riemannian manifold (M,g). An almost 
complex structure on J 7 is a section of the bundle End(TJ 7 ) of the endomor- 
phisms of TT satisfying J 2 = —Id. If further the Nijenhuis tensor 

Nj(X, Y) := [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y) , for 1,7 6 T(TT) 

vanishes, then J is said to be a complex structure on T and the pair (J 7 , J) 
is called a complex foliation. 

A Riemannian metric g is compatible with a complex foliation (J 7 , J) if 

g(JX, JY) = g(X, Y) , for any X, Y G T(T^) . 
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Let us consider now a complex foliation (J 7 , J) on Riemannian manifold 
(M, g) and we assume that the metric g is compatible with J. The tangent 
bundle to T decomposes as 

TT = TT 1 ' TT ' 1 

and consequently, if we denote by fl°' v = Q 0,V (C) the bundle of complex 
differential forms on J 7 , we have the splitting 



O.r.s 



Therefore, for the complex de Rham algebra f2 of M, we get the decompo- 
sition 

(5) n p = n u ' v = Q u ' r ' s , 

u+v=p u+r+s=p 

where the spaces Q, u,v are defined by (|2|) . 
We denote by 

dij, k ■ V u ' r ' s -> VL u+i > r+j > s+k 

6 iJtk : n u > r > s n u + i > r +j> s + k . 

the components of the operators d and 5 with respect to the above decom- 
position. 

A complex structure J on a smooth foliation JF induces a natural complex 
structure on the leafs of T . Furthermore the exterior derivative djr along 
the leaves splits as 

djr = djr + djr , 

where dj- and dj- are defined by the relations 

(d T tj>) V = (djr ^=-5^), 

for any <fi £ £}°> v and any leaf I of T . Note that djr and djr can be respectively 
identified with the operators 

do,i,o: n°' u < v ^ n°> u+1 ' v , 

Let and be the formal adjoints of <9j- and dj-, respectively. Then the 
maps 

Ojr = d r $T + Vjrdj- : n°^ s -> ft°' r ' s , 

( 6 ) _ _ 

aj = dj-dj- + tij-djr ■. n°^ s o°- r ' s , 

are elliptic leafwise differential operators. 

We recall now the definition and some properties of Kahler-Riemann fo- 
liations (for more details on this topic see for instance |13j). 



SOME RESULTS ON COSYMPLECTIC MANIFOLDS 7 

Definition 3.1. Let (M,g) be a compact Riemannian manifold. A Kahler 
foliation on M is a complex foliation (J 7 , J) endowed with a real 2-form 
to G ft 0,1 ' 1 such that 

d T u = 0, oj(X,Y)=g(JX,Y). 
for any X,Y € F(TT). 

If the metric g is bundle-like with respect to T , then (J 7 , J, u) is called a 
Kahler- Riemann foliation. 

For a Kahler- Riemann foliation T one has the following Kahler identities 

(7) Ajf = 2U T = 2U T . 

Moreover, for the cohomology groups H v d = ker Ajr n £l 0,v we get the 
splitting 

(8) = 3?£, 
where 

F^' s :=kern^n^°' r ' s . 

In particular if H v d is finite dimensional, then H^ s have finite dimension 
for any r, s such that r + s = v. 

4. COSYMPLECTIC STRUCTURES 

Cosymplectic structures have been introduced as an odd-dimensional 
analogous of Kahler manifolds and they can be interpreted in terms of 
Kahler-Riemann foliations. 

Let start to recall the definition of a normal almost contact metric struc- 
ture. 

Definition 4.1. Let M be a (2n + 1)- dimensional manifold. An almost 
contact metric structure on M consists of a quadruple (J,t;,a,g), where J 
is an endomorphism ofTM, £ is a tangent vector field, a is a 1-form and 
g is a Riemannian metric on M satisfying the conditions 

J 2 = -Id + a®£, a(0 = l, 

g(JX, JY) = g(X, Y) - a(X)a(Y), X, Y e T(TM). 

An almost contact metric structure (J,^,a,g) is said to be normal if the 
endomorphism J satisfies 

Nj(X, Y) = 2da{X, Y)£ , for any X, Y € F(TM), 



where, in this case, Nj is the Nijenhuis tensor defined by 

Nj(X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] + J 2 [X, Y] 
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An almost contact metric structure is called almost cosymplectic if da = 0, 
dr/ = 0. Almost cosymplectic structures with Kahler leaves were studied in 

Let (M, J, £, a, g) be an almost contact metric manifold such that da = 
0, then T = ker a is a smooth foliation on M and the endomorphism J 
induces an almost complex structure on T which is integrable if and only 
if the almost contact metric structure (J,^,a,g) is normal. Therefore if 
(M, J, £, a, g) is a normal almost contact metric manifold such that da = 0, 
then ker a is a complex foliation on M and the integral curves of £ are 
geodesies, and, thus, g is a bundle-like metric on M. 

Moreover, for the operators Djr, Dj- defined by ([6]) and for the map 
= 5-1,0 ^i,o + d\fi 5-1,0 we can prove the following 

Proposition 4.2. Let (M, J, £,a, g) be a compact normal almost contact 
metric manifold such that da = and let T = ker a. Then the leafwise 
differential operators 



<Li,o di,o + O r: ^ 0,r,s -> ^° 

-i,o ^i,o + 

are strongly elliptic and self-adjoint. 



5-i o*o + Or: ^°' r ' s -> ^°' r ' s 



Proof. First of all we note that 5_i o does not act on fi ' 1 '. Hence the operator 
5-i,o ^1,0 acts on £l°' v as Aj_ and consequently 5_i,o di.o+Ojr and 5_i 5 o ^i,o + 
Or are both self-adjoint on Q°' v . 

Furthermore, we can find a system {x, z 1 , . . . , z n } of local coordinates 
around each point p of M such that 

£ = d/dx 

and {z 1 , . . . , z n } are holomorphic coordinates for the leaf passing trough p. 
Then, we get the following local expressions 

d 2 n - d 2 

(9) 5-1,0^1,0 + Or = - q-2 ~ 5^ g ^ dzPdzF + loW6r ° rder terms ' 

— d 2 n - d 2 

(10) 5_i, di,o + Or = ~~q^2 ~ Yl 9 ^ dzPdz~P + loWer ° rder termS ' 

where g^ denotes the inverse of the matrix representing the restriction of 
the metric g to the leaf passing trough p. From the previous local formulae 
it follows that the operators 5_i,odi,o + Or and 5_i,o^i,o + Or are strongly 
elliptic. □ 

In general the groups H introduced in the previous section are infinite 
dimensional. We will show that they are finite dimensional for this special 
type of normal almost contact structures. Indeed, we have the following 
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Proposition 4.3. Let (M, J,£,a,g) be a (2n + l)- dimensional compact nor- 
mal almost contact metric manifold satisfying da = and let T = kera. 
Then the cohomology groups have finite dimension for any v = 0, .., 2n. 

Proof. Let : Q 0,v — > D, ,v be the injective map 

(f) i — > a A 4> ■ 

In order to prove the proposition, it is sufficient to show that induces an 
injective map between H v d and the de Rham cohomology group H v+l {M). 
Indeed, it is sufficient to prove that takes Ajr-harmonic forms to A- 
harmonic forms. Let (j) 6 Then <fi G Q,°' v and satisfies the conditions 





which are equivalent to 



where *jr is the star Hodge operator on iV . Since ol is closed and (j) 
belongs to £l°' v , we have 

dcj) A a = d(4> A a), *p<f> = *{<j> A a) , 

being * the Hodge star operator associated to g. Hence, 

Ajr(f) = A(0Aa) = O 

which ends the proof. □ 



Let (M, J,£,a,g) be an almost contact metric manifold. Then we can define 
the fundamental form on M as the 2-form given by 

The 2-form uj is J-invariant and satisfies the condition aAw" ^ everywhere. 

Definition 4.4. A normal almost contact metric structure (J, £, a, g) is said 
to be a cosymplectic structure if the pair (a, a;) satisfies 

da = , duj = . 

In terms of smooth foliations note that if (M,J,£,a,g) is a cosymplectic 
manifold, then the pair (kera, a;) defines a Kahler-Riemann foliation on M 
(see also |20j). Therefore, the results of the previous sections about Kahler- 
Riemann foliations can be applied. 
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5. Infinitesimal deformations of cosymplectic structures 

The aim of this section is to prove Theorem 11.11 which is the analogous 
of Kodaira-Morrow theorem [21] for Kahler manifolds. 

In order to prove the theorem, we review some properties about elliptic 
operators (for more details see [21] and the references therein). 
Let M be a compact and oriented manifold, B be a complex vector bundle 
on M x (—A, A) and Bt := <6|Mx{t}> with t S (—A, A). Then {Bt} is a family 
of complex vector bundles on M. 

Let tpt £ r(i?t) be a family of smooth sections of Bt. Then we say that 
ipt depends differentiably on t if there exists a section tp of B such that 

V>t = ?P\Mx{t} ■ 

Assume that every Bt is equipped with a Hermitian metric ht on the 
fibres such that the family {ht} depends differentiably on t. We recall that 
a family of linear operators At'. T(Bt) — > T(Bt) depends differentiably on t 
if the following property holds: if ipt £ r(S t ) depends differentiably on t, 
then also Atipt depends differentiably on t. 

Consider now a family of strongly elliptic self-adjoint operators 

E t : r(Bt)^r(B t ) 

depending differentiably on t. 
We recall the following 

Theorem 5.1. |2 1 1. Theorem 4.3] Let Ft be the kernel of Et. Then, the map 
1 1 — ^ dim Ft is upper semicontinuous, i.e. given a to there exists a sufficiently 
small e such that dim Ft < dimFj for \t — io| < g - 

If we denote by 

F t : Y(B t )^Wt 
the orthogonal projection with respect to ht and by 

G t : r(B t )^T(B t ) 

the Green operator associated to Et, then we have the following 

Theorem 5.2. \21\ Theorem 4.5] If the dimension of Ft is independent on 
t, then for \t\ sufficient small, Ft and Gt depend differentiably on t. 

Now we apply the previous results in the context of cosymplectic struc- 
tures in order to prove Theorem II .li 

Let (J, £, a, g) be a cosymplectic structure on a compact manifold M and 
let {Jt}te(-\,\) be a differentiable family of endomorphisms of TM satisfying 

J t 2 = -Id + a <8> f , N Jt = 0, J = J. 

The Riemannian metric 

&(v) ■=l(9(;-)+g(Jt;Jf)) , 
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is compatible with Jt and such that 

9t(Jf, Jf) = gt(; •) - «(•)«(•) • 

Therefore, (Jt,£,a,g~t) defines a normal almost contact metric structure on 
M for any t. 

Moreover, by using the fact that J~t = (ker a, Jt) defines a complex foli- 
ation on M for any t, and by using the decomposition ([5]) for the complex 
de Rham algebra, we get the following splitting 

r+s=v 

where by f2"' r ' s we denote the vector space of complex forms in Q u < r+S which 
are of type (u, r, s) with respect to Jt- 

Therefore for the differential dj t we have the natural decomposition 

In the sequel we will denote dj t and d? t respectively by dt and dt- 
Consider the family of linear operators 

E t : n° t > r ' s n° t ' r ' s 

defined by 

(11) E t = fydf&t&t + Mtdtdt + VtdtVtdt + $tdt$td t + t t + tt, 

where $t an d $t are the g^-adjoints respectively of dt and dt- Note that Et 
is self-adjoint with respect to the Hermitian metric (jf 

Adapting the proof of Proposition 4.3 of [21] for our case we can prove 

Proposition 5.3. Eq = DoDo + "^o^o + $o<9o an d Et4> = if and only if 

# t t <f> = d t </> = dt<f> = o. 

Now we introduce the new operators Et '■ Q® ,u ' v — > ^' u,v defined by 

Et = Et + di : o (5-1,0 difl + £-1,0 di,o • 
We have the following 

Proposition 5.4. The operator Et is strongly elliptic and self-adjoint. A 
form 4> 6 ,r,s belongs to the space F[' s = ker Et n Q®' r,s if and only if 

VtM = dt4> = d t <f> = dipt = • 
Moreover, <j> G Fq s if and only if 

(12) □ o = di,o0 = O. 

Proof. Around any p £ M we can find a system {x, z 1 ,. . . , z n } of local co- 
ordinates, such that £ = d/dx and {z 1 , . . . , z n } are holomorphic coordinates 
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for the leaf passing trough p. By a direct computation one can show that 
Et can be locally expressed in terms of previous coordinates as 

d 4 - 9 4 

Et = t; — 7 + >^ qPq} k ~ ■ ~ ■ „ , „ i + lower order terms . 
dx 4 ^ yt m dz l dzWz k dz l 

t,j,k,l 

Hence E t is strongly elliptic. Moreover 

g t (E t (f), <f>) = g t (d t d t ti t tit <t>, <j>) + 9t (#t M d t <f>, <p) +g_t (tit dt tit d t <t>, <t>) 
+g t (ti t d t ti t dt <f>) + gttft dt <P, 0) + gttft dt <j>, <t>) 
+flt(<S-i,o d\fl 5-1,0 di t o (f), <t>) + gt($-i,o di,o 4>, 4>) 
= g t (ti t 0th &t tit </>) + gt (dtdt (j>A dt <t>) + gt (tit dt^tit d t 0) 
+g t (ti t d t 4>, ti t d t 4>) + g t (d t 4>, d t <j>) + gt(d t 4>, d t 4>) 
+9t(di,o 5_i,o 4>, di,Q (5_i,o 4>) + ?t(^-i,o d\fi cf>, <L-i, di,o 4>) 
+9t(di,o<l>,difl4>) 

= wmnt + \\dM\\ 2 t + wtitdtm + wmnt + wmi 

+\\d t <t>f t + ||5_ 1) odi,o^||? + ||di I o0|| f 2 , 

which implies Et<f> = if and only if tittit<ft = dt4> = dt<fi = d\Q<j) = 0. Finally, 
the Kahler identities (|7J) imply the last part of the proposition. □ 

For the kernel ¥ t ' s of Et we can show 

Proposition 5.5. Let Z r t ,s := ker d n Q,® ,r,s . Then 

z r t ' s = (dtdtn /- 1 ' 3 ' 1 n ker d li0 ) e F r t > s . 

Proof. Obviously we have 

(ker d lfi n dtdtn /- 1 ' 3 " 1 ) © f;- s c z r t ' s 

and 

dtdtQ /- 1 ' 8 - 1 nw r t ' s = {0} . 

On the other hand, for any ip £ Z^' 5 , one has 

i/j = E t Gt4> + F t i> = d t dtu + titf + titl + S-ifl/i + F t ip , 

where Ft is the projection on the kernel of Et and Gt is the Green operator 
associated to E t . 

Since dip = 0, we have 

Furthermore, if a = tit (3 + tit 7 + £-1,0 /A then 

g t (cr,a) = g t (ti t P_,a) + g t (tia,a) +gt(5- lfi -/,a) 

= 9t(P, d t cr) + g t (7, d t a) + g t (l, d 1;0 cr) = . 
Hence a = and the proposition follows. □ 

As a consequence we can prove 
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Proposition 5.6. dimF*' 1 = dimF ' , for \t\ small. Moreover, for \t\ 
sufficiently small the orthogonal projection Ft : Q 0,2 — > ker EtP\Q ' 2 depends 
differentiably on t . 

Proof. By Proposition 15.51 we have 

Z 1 / = (d t d t n° n ker d l>0 ) © Fj' 1 . 



Therefore we get 

Moreover 

and 



w 1 / = zl' 1 /(dtd t n nkerd lfi ). 

dtd t n° n ker di C JrfW n ker c?i 



F i,i c Z 1 / + (danker d lfi ) 



djrtt ' 1 nkerdi j0 

where Q ' 1 = 0+' '° © ft®' 0,1 and the bar denotes the Frechet closure in the 
space 

O 0-2 = O ! 2 1 eO 0,l > l eO 0,0,2_ 

Since J 7 is a Riemannian foliation, by Theorem l2,2l we have the isomorphism 
(13) ker^n^nker^p ^ ^ ^ r ^ 2 p ^ ^ 

djrVLt nkerc?!^ 

Now we observe that since <i: Q°' v — > Q}' v © tt°' v+1 splits as <i = ffi >0 + djr 
and the operator does not act on Q 0,u , then the Laplace operator 

A = d5 + 5d reduces on tl°' v to 

A = (5_i,o + S ,-i)(di,o + cfc) + (di, + <fr)(<*o,-i). 

Moreover, a form € £l°' v belongs to ker A if and only if it belongs to the 
space ker d\ t o n ker A jr. Hence the cohomology groups 

H°' V (M) := ker An ft ' 1 ' 

can be identified with the spaces 

H°' V {M) = ker(A T + d lfi ) D U°' v = n kerd 1)0 . 

Now we observe that the sequence 

Z^ + fe^nker^o) kerdnft - 2 , A ^ n 2 

djrtt ' 1 nkerdi j0 d^ft - 1 n ker d lj0 

(14) 



ker D t n ker d lfi n ft ' 2,0 © ker D t n ker d 1>0 n ft 
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is exact, where the map lit is defined by 

I i\ l ;0,2,Q . ,0,1,1 . ,0,0,2\ ,0,2,0 . ,0,0,2 

and ipf' r ' s denotes the component of ip in 0"' r ' s . 

Since (J 7 , Jo) is a Kahler-Riemann foliation, one has the Kahler identities 
([7]) and in particular 

-^2 -7=2,0 _ 771,1 _ 770,2 

Moreover 

H°' 2 (M) = H 2 jr n ker di )0 = n ker d li0 © fl^ n ker di j0 © H^^ n ker di )0 . 

By Proposition 14.21 the operator ^-1,0^1,0 + is strongly elliptic for every 
t; hence we can apply Theorem 15. II obtaining 

dim ^ ker(Df + di,o) n $7^' ' 2 ^ < 00 , for \t\ small. 

Let 

b ,v(M) := dim H Q ' V {M), 

h l r s := dim ^ker(Di + d lfi ) n fi°' r,s ) = dim (ker(D 4 + d li0 ) n ft°' s,r 
Then, by the exactness of (|14p . we have 

(15) dimFj' 1 > 60,2 (AO ~ 2h o,2 
and furthermore, since (J, £, a, g) is cosymplectic, 

(16) 6o, 2 (M) = + hl tl + h° 0j2 =h° hl + 2h° 0>2 . 
By equations (|12p and (|16p we obtain 

diniFj' 1 = fr^ = 6 ,2 (M) - 2/tg i2 . 
As a consequence of Theorem 15.11 we have 

dimF^' 1 < dimFg' 1 , for |i| small. 



Since 

£-1,0 difl + D t : f2°' r,s -)• f}°' r,s 



is strongly elliptic, then the map 1 h-> h Q 2 is upper semicontinuos and 

0,2 ^ "0,2 > 



hn 9 < hn 9 , for It I small . 



Therefore 

dim Fq' 1 > dim F t 1,:L > 6 0j2 (M) - 2h\ 2 > 60,2 (M) - 2 = dimF*' 1 . 
which implies the proposition. □ 
By using Proposition 15.61 we are now able to prove Theorem 1 1.11 
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Proof of Theorem li.il Let 

£*(-,•) :=g t (Jf,-) 

be the fundamental 2-form associated to (Jt,gt)- This form cannot be closed, 
but if we consider the new real 2-form 

UH : = -(i^(2 t ) +F&H)) > 

on M, we have that ut is closed and satisfies uq = u). Since the orthogonal 
projection F t depends differentiably on t, then a Aw™ ^ for \t\ sufficiently 
small. 

Moreover, if we introduce the new Riemannian metric 

g t (X, Y) := uh(X, J t Y) + a(X) a(Y) , X, Y G T(TM), 

then for \t\ small (Jt,£,a, gt) defines a cosymplectic structure on M such 
that go = g and the theorem follows. □ 

6. Cosymplectic structures on Lie groups and new examples 

In this section we set a one-to-one correspondence between cosymplectic 
and Kahler Lie algebras. More precisely, we show that if a Kahler Lie algebra 
is endowed with a particular type of derivation, then one can construct a 
cosymplectic Lie algebra. 

We recall that a cosymplectic structure on a real Lie algebra g of dimension 
2n + 1 is a quadruple (J, £, a, g), where £ is a non-zero vector of g, a is the 
dual 1-form of £, J is an endomorphism of g, g is a inner product on g 
satisfying the conditions 

da = 0, J 2 = -Id + a®£, iVj = 0, 
g(J-,J-)=g(;-)-a®a(','), duj = 0, 

being u the 2-form defined by oj(-, •) := g( J-, •)• 

If G is the simply connected Lie group with Lie algebra g, then a left- 
invariant cosymplectic structure on G is equivalent to a cosymplectic struc- 
tures on its Lie algebra g. 

For cosymplectic Lie algebras we can prove the following 

Theorem 6.1. Cosymplectic Lie algebras of dimension 2n+l are in one-to- 
one correspondence with 2n- dimensional Kahler Lie algebras equipped with 
a skew-adjoint derivation D commuting with its complex structure. 

Proof. Let (J,£,a,g) be a cosymplectic structure on a (2n + l)-dimensional 
Lie algebra g and let f) = kera. Since a is closed, t) is a Lie subalgebra 
of g carrying a Kahler structure induced by the pair (g,J). Furthermore, 
since = 1, the vector £ does not belong to the commutator g 1 = [g,g]. 
Therefore we have 

K,f)]cf,, Mcf, 

and, consequently, g is the semidirect sum 

= M ©ad 5 f) • 



SOME RESULTS ON COSYMPLECTIC MANIFOLDS 



16 



Since the fundamental 2-form oj associated to the cosymplectic structure is 
closed and f) is a Lie subalgebra of g, then one has 

dw{Z,X x ,X 2 ) = -oj([^X 1 ],X 2 )+lj([C,X 2 ],X 1 ) = 0, 

for any X±,X 2 € f). Moreover, by definition of u we have 

g(Jadt{X 1 ) > X 2 )=g(Jadt(X 2 ),X 1 ), 

for any X\,X 2 € rj and thus Jad^ = ad^J is a self-adjoint endomorphism of 
(\),g). Therefore, adg is skew-adjoint and commutes with J on f).. 

On the other hand, if f) be a 2n-dimensional Lie algebra endowed with a 
Kahler structure (g, J) and a skew-adjoint derivation D commuting with J, 
then we can construct a cosymplectic Lie algebra as follows. 
We consider the vector space g = M£ © f) and we define a Lie bracket [ , ] on 
by the relations 

[X,Y] = [X,Y] t) , [S,X] = D(X), 

for any X,Y E f), being [ , ](, the Lie bracket on f). We extend the endomor- 
phism J on g by putting J£ = and we consider the inner product g on the 
Lie algebra g defined as the unique metric extension of the inner product on 
f) for which £ is unitary and orthogonal to f). Finally, as 1-form a on g we 
take the dual to £. Then (g, J,£,a,g) is a cosymplectic Lie algebra. □ 

Remark 6.2. We remark that this last Theorem is proved in a more general 
contest in [8]. 

Example 6.3. An example of cosymplectic Lie algebra was given in [23j . 
In this case the Lie algebra g is solvable, with structure equations: 

3 3 

[X i} Z] = -ivYi, [Yi,Z] = --nXi, i = l,...,n 

and the other Lie brackets are zero. With respect to the previous the- 
orem we have that the Kahler Lie algebra f) is the abelian Lie algebra 
span{.X~i, Yi, . . . ,X n ,Y n } and that £ = Z. The corresponding Lie group is 
unimodular and admits a compact quotient by a uniform discrete subgroup. 
Moreover, the induced left-invariant Riemannian metric on the compact 
quotient is flat. 

We recall by [24] that if a Lie group admits a compact quotient by a 
uniform discrete subgroup, then the Lie group is unimodular, i.e. tr adx = 
for any X in the Lie algebra of G. 

By |22| . if a unimodular Lie group G admits a left-invariant symplectic 
structure, then it has to be solvable. Moreover, by [18] a Kahler unimodular 
Lie group is flat. Hence, we have the following 

Proposition 6.4. A cosymplectic unimodular Lie group is necessarily flat 
and solvable. 
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Therefore, it is interesting to see if there exist non-fiat cosymplectic Lie 
algebras. By the previous Proposition the corresponding solvable Lie group 
will be not unimodular and therefore will do not admit any compact quo- 
tient. We will construct new cosymplectic solvable Lie algebras by applying 
Theorem 16.11 to solvable Kahler Lie algebras which admit a derivation with 
the previous property. 

Many results are known about Kahler Lie groups (see for instance [3]). 
Basic examples are flat Kahler Lie groups and solvable Kahler Lie groups 
acting simply transitively on a bounded domain in C n by biholomorphisms 
(see p2])- A classification of solvable Kahler Lie groups, up to (a holomor- 
phic isometry) is obtained in |27| . 

We recall that by |10^ l27j a normal J-algebra a is in general a real solvable 
Lie algebra endowed with an integrable almost complex structure J and a 
linear form fi on a (called admissible) such that 

H([JX, JY}) = n{[X, Y\), n([JZ, Z]) > 0, 

for all I,7ea and Z ^ € a. By the previous conditions the eigenvalues 
of the adjoint representation of a are real, i.e. a is completely solvable. 
Moreover, the bilinear form < X, Y >= fj,([JX, Y]) determines a Kahler 
metric on a. 

Given a solvable Kahler Lie algebra (f), J, g), a "weak modification map" 
is a linear map T> : t) — > Der f) such that 

(1) the derivation T>{X) is skew-adjoint with respect to g; 

(2) [V(X),J]=Q; 

(3) [V(X),V(Y)]=V([X,Y}) = 0; 

(4) V(V(X)Y - V{Y)X) = 0, 

for any X, Y € f). One may define a new Lie bracket on (h, J, g) by 

(X, Y) = [X, Y] + D{X)Y - D(Y)X, 

which gives to f) a structure of Lie algebra and (h£>, ( , ), J, g) is called a 
modification of f) (see |14|). 

In [H] Dorfmeister proved that any solvable Kahler Lie algebra (g, J, g) is 
a modification of the semidirect products a © b , where o is an abelian ideal 
and b is a normal J-algebra. Therefore, by using the previous result we can 
construct new cosymplectic Lie algebras. 

Example 6.5. By [14] there exist solvable Kahler Lie algebras (s,J,g) 
admitting a skew-adjoint derivation commuting with their complex structure 
J. Examples of such Lie algebras can be written in the form: 

5 = +s', 

where = MXo+MJXo+u and s' are both J-invariant subalgebras of s, such 
that [JXo,Xo] = Xq, [Xo,s'] = and the eingenvalues of adjx restricted 
to u have real part equal to \. Moreover Xq, JXq, u and s' are pairwise 
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orthogonal. Therefore, by p~H Sections 5.1 and 5.2] s admits a self-adjoint 
derivation D commuting with J, defined by 

D(aX + bJX + U + X') = [JX Q , U]-hj+ [JX ,X'] , 

for any a, b G M and U G u, X' G s' . 

Therefore by Theorem 16.11 the Lie algebra M£ ©_d s has a cosymplectic struc- 
ture. 

7. Cosymplectic structures on solvmanifolds 

In [23j some examples of cosymplectic solvmanifolds are constructed as 
suspensions with fibre a 2n-dimensional compact Kahler manifold N (a 
torus) of representations defined by Hermitian isometries. Indeed, they con- 
sider a Hermitian isometry / of the torus N and define on the product iVxR 
the free and properly discontinuous action of Z given by 

(n,(x,t))^(f n (x),t-n), 

for any n G Z and (x,t) G iV x R. The orbit space N x R/Z is a compact 
(2n + l)-dimensional manifold endowed with the cosymplectic structure in- 
duced by the natural one on N X R. We will show that the solvmanifolds 
constructed in this way are finite quotient of a torus and the metrics asso- 
ciated to the cosymplectic structures are flat. 

In this section we will prove that any solvmanifold admitting a cosym- 
plectic structure, even not left-invariant, is a finite quotient of a torus. By 
considering the universal covering G, it is known (see [2]) that a solvman- 
ifold has as finite (normal) covering a solvmanifold of the form G/T, with 
discrete isotropy subgroup T. Therefore, we will consider as solvmanifold a 
compact quotient of a simply-connected solvable Lie group G by a uniform 
discrete subgroup T. 

In [19] Hasegawa proved that a solvmanifold admits a Kahler structure if 
and only if it is a finite quotient of complex torus which has a structure of 
a complex torus bundle over a complex torus. By using this result we are 
able to prove the following 

Theorem 7.1. A solvmanifold has a cosymplectic structure if and only if it 
is a finite quotient of torus which has a structure of a torus bundle over a 
complex torus. 

Proof. Let M = G/T be a (2n + l)-dimensional solvmanifold endowed with 
a cosymplectic structure. Then the product M x S 1 is a solvmanifold of the 
form G x R/(T x Z) and has a Kahler structure. By [19] M is thus a finite 
quotient of a torus and T x Z is an extension of a free abelian group of rank 
21 by the free abelian group of rank 2k, where 2k is the first Betti number 
of M x S 1 , with k + I = n + 1. 
Therefore we have 

o -»• z 2 '" 1 -> r -> z 2fc -> o, 
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where the maximal normal free abelian subgroup of rank 2n + 1 with finite 
index in T is of the form Z 2i_1 x siZ x S2Z x • • • x S2fcZ and the holonomy 
group of the Bieberbach group T is Z S1 x Z s „, , where some 

of the factor Z Si may be trivial. This follows from the fact that by [19] 
M x S 1 = C n+1 /(r x Z), where r x Z is a Bieberbach group with holonomy 
Z Sl xZ S2 x • • • xZ S2fc . Since the action of the holonomy group on C n+1 /(TxZ) 
is holomorphic, M x 5 1 is a holomorphic fiber bundle over the complex torus 
C k /Z 2k with fiber the complex torus C l /Z 21 . 

In this way M is a fiber bundle over the complex torus C fc /Z 2fc with fiber 
the torus R 21 ' 1 /!? 1 ' 1 . □ 

As a direct consequence of previous theorem we get the following 

Corollary 7.2. A solvmanifold M = G/T of completely solvable type has a 
cosymplectic structure if and only if it is a torus. 
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